On a Scarce Factor
Hence there was no need for a third table covering the same region of the natural numbers. In the Latin Preface K7 writes that the table of B is folio (?) and that it must be consulted more than twice to find the complete factorization of a number having more than two prime factors. Therefore K apparently planned a different tabular arrangement so that only one or two consultations should be necessary to get the complete factorization of a number.
In his book K first gives a nine-page table of the complete factorization of all composite numbers not divisible by 2, 3, 5 or 11, up to 21500. Then follows a 257-page table of factors of the numbers not divisible by 2, 3, 5 or 11 from 21500 up to one million; the last two figures of the numbers are printed on one separate page of somewhat larger size than the other pages. If a number has more than two prime factors this is indicated by a point following the printed factor, and K states that he always selected that factor, the residual factor of which lies below 21500, the upper limit of the nine-page table, so that only one division would suffice to have all the prime factors. In the Introduction, §11, we read that the second table gives only one factor, the smallest one, but (in §13) that in some cases the number has factors too small to make the residual factor < 21500 and that in most of these cases the table gives two factors. I wish to point out: (i). In many cases the residual factor of the given factor is not below 21500; (ii). In many cases the table gives not the smallest factor, but a larger one or two prime factors, (iii). There are cases in which it is necessary to consult the table three times. I shall later confirm these three assertions by examples. In §12 we read that the point, mentioned above, following the factor, is not always clearly printed but that in this case the factor is printed as much to the left as would be necessary for the point; e.g. the fifth column and sixth row of page 180 where the factor 43 is printed to the left and without the point. The page is divided into two parts by a heavy horizontal line. Each part of the page contains seven vertical sections headed by Roman numerals. Each section contains three or less columns and is divided into five equal boxes by horizontal lines. The digits, except the last two, of the numbers are to be found just above two heavy horizontal lines, one at the top of the page and the other in the middle.
Let us now see how to use the table. Take for instance 670177; 6701 is found on page 180 (Fig. 2) at thé top of the first column of section VII. The last digits 77 are to be found in the same column of section VII (of either the upper or lower half) of the separate page (Fig. 1) . Having found the place of 77 in this column, we find in the corresponding place in the first column of section VII the symbol .., which means that 670177 is a prime.
Again let us take 670423 ; 6704 is at the top of the first column of section VIII (this VIII is omitted to save space). On the separate page in the first column of section VIII, we look for the last two digits 23. Then on page 180 in the corresponding place in the first column of section VIII we find the symbol 13a, that is to say 670423 has the factor 13-13. The residual factor is 3967. Entering the nine-page table we see that 3967 is omitted ; hence it is a prime and we have the complete factorization 670423 = 13-13-3967.
The printed factor is not always the smallest one. Take for example 668423; 6684 is at the top of the second column of section I, on page 180. On the separate page the second column of section I look for the number'23. In the corresponding place on page 180, second column of section I, we find 41. indicating that 668423 has the factor 41 and that it is divisible by more than two prime factors. The residual factor is 16303 and the nine-page table gives 16303 = 7b-137. Hence the complete factorization 668423 = 41-7-17-137.
The residual factor is not always < 21500. For the number 996659 the table gives 17., the residual factor is 58627. The second table gives the factor 23 not followed by a point, which means that 58627 = 23-2549 in primes.
The same for 997441 for which the table gives 17., the residual factor being 58673 = 23-2551.
There are cases in which the table must be consulted three times. Thus for 986453 the table gives 13., the residual factor being 75881 above the upper limit of the nine-page table. The table gives for 75881 again 13., the residual factor is now 5837, for which the nine-page table gives 13-449.
Again for 973271 the table gives 13., the residual factor being 74867, and for this number the table gives 13.; the residual factor is 5759 for which the nine-page table gives 13-443.
K gives no explanation as to the manner in which he obtained the entries. As we have pointed out, the main table does not always give the smallest prime factor, and it may give two prime factors. In view of the additional fact that some factors are followed by a point to indicate that the number has more than two prime factors, it seems clear that for the calculation of the entries it would have been necessary to recalculate the entire table of C. However we do not find anywhere in the book that K did this. Therefore it seems probable that he borrowed all his entries from C's In the Introduction K explains at length how the auxiliary tables may be used to factor a number beyond the range of the table, after having given rules on divisibility by 16, 9, 11, 101, 37, etc. He explains how to find quadratic forms for a given number and how to use them to get quadratic residues and linear forms of the divisors. For instance he factorizes 324 -1 and identifies 10 091 401 as a prime.
K devotes only 30 lines (half a page) of the Praefatio to the description of the table. In the remaining 2\ pages he explains in detail how he constructed another table giving a factor of every number not divisible by 2, 3 or 5 up to 30 030 000. As there are 80 numbers not divisible by 2, 3 or 5 among every 300 numbers 300t; + 1, 2, 3, ... 300, he made a sheet with 80
Hence as early as 1825 K was in possession of a manuscript factor 
